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EXPERIMENTAL AERODYNAMIC DERIVATIVES OF A SINWOIDALLY
OSCILLATING AIRFOIL IN TWO-DIMENS1ONAL FLOW 1

By ROBERT L. HALFWN

*

SUMJIARY

Ezperimenta[ mea.wrementgof the aerodynamic reactions on
a ayrnmeh=icaiairfoil oscillating harmonically in a tw-ditien-
aional $OUTare prezented and analyzed. Harmonic motions
include pure pitch and pure translation,for gereralamplitude~
and superimposed on an initial angle of attack,as well as com-
bined ptich and trandation.

The apparatus and testing program are describedbrie$y and
the necemuy theoret!cal backgroundis presented.

In general, the experimental results agree remarkably u;ell
with the theory, especially in the case of the pure motions.
The net work per cycie for a motion correqgonding to jlutter is
experimentally determinedto be zero.

(ln~”dmable contident data for pure p“teh wwe obtained
from a .&arch of arailabie reference material, and seremi
definite Re~ynaid~number effects are etident.

INTRODUCTION-

The purpose of the work described in this report was to
determine experiment aIIy the lift and moment on an oscil-
lating airfoiI and compare the reak with the predictions
of the vortex-sheet theory as described m reference 1. The
use of the theo~ on aero-elastic problems such as t@tter
could then be verfied or modiEed. The general plan of the
program vms to break down the flutter motion into its
simplest components so as to examine each one indi-ridually
before superimposing them to check the flutter condition
itself.

The entire project was undertaken in a succession of
phases by the Aero-Elastic Research Laboratory of the
hhw.achusetts J.rMitute of Technology o~er a considgrabIe
period of time and should be considered as the combined
efforts of the &ups Aich -worked on each phase. The
phases were:

(1) The design and construction of the osdlating actuator
mechanism

(2”) The development of the support of the model on the
actuator and the subsequent installation of the apparatus
in the wind tunnel

(3) The development of the force-recording equipment
(4) Systematic tests with the equipment developed in

phases (1) to @j and design study of equipment for higher
frequencies

(’5) The thorough analysis of the test results of phase (4)
Since a substantial amount of data for similar tests has

been compiIed independently by wwious other research

groups and no known r&um.4 or comparison has bem made,
a portion of this report is given owr to the reproduction and
comparison of typiod data reduced to a common form of
presentation. (See app&dii..) .

This -work was conducted at- the kac.huaetts Institute ._
of Technology under the sponsorship and with the financial ..__
assistance of the N“ationaI Advisory Committee for
Aeronautics.

SYMBOLS .

frequency of forced motion
angular frequency of forced motion (2fi)
Senlkhord
air+tream velocity

()cob
reduced-frequency parameter ~

density of air

dynamic pressuye
()

;PJ=

pitching angIe of wing; positive in direction of
staII

ampIitude of pitch
initiaI angle of attack
vertical translation of wiig at 37 percent ChOId;

posit ive down-ward
amplitude of translation
angle by which pitching motion Ieads t ransIation

mot ion
phase angIe between front and rear actuator.

reheels
ratio of distance of eIastic axis behind midchord

point to semichord
distance of center of gra~it~ behind midchord
I&ES of wing per unit span
red part of Theodomen’s function
imaginary part of Tlwdorsen’s function
Theodo=en’s function (F+i@
static moment of wing about eIastic axis

(@-ab)m)
moment of inertia of wing per unit span about

elastic ati
natural frequency in bendi~~
effective linear spring constant (muk~
naturaI frequency in torsion
effecti-re torsional ‘spring constant (I=aI=9
work per cycle due to moment

1SupersedesNACA TX 2W$ ‘ExperimentalAerodmmlc D@rhtiws ofs SInmIdaIIy Oscillating.4MofIh Tw*DhnemIoneJI?kw” b~ RobertL. HaIfnw, lWI.

1101



1102. REPORT 1I OS_-NATIONAL ADVISORY COMMITTEE FOR .4ERONAUTICS

U7L work pcr cycle due to lift
II’Al net work pm cyck (— J77L—II-M)

(:&L
(4;2J

coefficient of wok due to lift —-—

C’WM
(

II’M
)

coefficient of work due to moment — -—.~ qbCYoho

CWN
(

‘ U’N
coefficient of net work

.4qbaJLo )

A~D (a,) average drag-amplitude coefficient
P LS steady-state or static lift coefficient
(:WSEA steady+tatc moment coeflirient about elastic

axis
Re Reynolds number based on airfoil chord

The follo~ting s.ymboIs are usually combinod with ‘subscripts:

L lif~ per unit span; positive downward
Af moumt per unit span; positive in d ircct.ion of

Std
R real part of complex quantity
R’ dimenaionlem real part of compkx qmm tity
I imagin~ part of complex quantity
1’ dimensionless imaginary part of colnplPx

quantity
>IR2+-P magnitude
.4, B, ~, II components of lift or moment

+ p]l’’sc@eoa’’-’i) ~

Subscripts:
1’ due to pitching motion
T“ due t.a translational motion
h’ due to combination of transla.t.iomd and pitching

motion
L lift
M moment

DESCRIPTION OF APPARATUS

The mechaniwd apparatus is designed to oscihtc an
airfoil in pure pitch, pure translation, and combinations
of the two at various frequencies and amplitudes. The
installation in the test section of the tumd is shown in
figure 1 and the entire oscillator mechanism is illustrated
schematically in figure 2. Tho rtihge of motions obtainable
is shown in figure 3.

The airfoil which was constructed for these tests is
rectangular in plan form with a l-foot chord, 2-foot span,
and NACA 0012 profile. An extremely rigid and Ii&
magnesium two-spar stressed-skin construction was neces- ,
sary to minimize inertia loads and prevent appreciable de-
flection during oscillation, The tests mu-c performed in the
M. 1, T. 5-by 7%foot flutter tunnel which was modified by
the installation of two vertical fairings as shown in figure 1.
The presence of these fa.iringe iusured essentially tAro-
dimensional flow over the airfoil while any deviations from
the usual flow could be detected by the pitot-tube rake’
installation also shown in figure 1.

FIGUI?E1.—Tw+wUOU arrangementviewed horn ❑ptwam,

The oscillator mechanism consists primarily of w achmtor

unit located just below the test section and tNW idcntiual
linkages extending up through the \’ertical fuirings on each
side of the airfoil. As may be seen in figure 2, k achlatw
N has two pairs of circular crank wlwrls on each side. ‘Ma
rotational motion of each pair is transformed into sinu-
soidal vertical motion by mums of a connecting rod sliding
on a member constrained to move vertically, ‘1’his vertical
motion is transmitted up i]lto thu t.cs~ sect.idn by thin steel
bands D which tcrrninato at the “dumt.dxdl” cams 1. Ad-
ditional bands continue from thu cams to the a(ljllstublc .
overhead springs C which mtiiuhiiu tension in the lmiids at
all times. The rc,sultant motion of the cams is tmnsmit ted
to the wing through the linkage H. Each pair of crank
whds can be SCLto produce either I-, 2-, or 3-inell-amplitu&j
vertical motion and ~he fron~ pairs can be w wnd phased
independent.ly of tho rear pairs. Thus with LIWroar pnire
exactly 180° out of phase with respect 10 Lhe front., tho
dam I is rocked abou~ iLs center in pure pitch.
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Two sockets in each end rib of the airfoiI receive &e ball
ends of short camtiIever beams supported by the linkage H
with the forward sockets Iocat ed on the cent er+f-gratity
~xis of the wing at 37 percent chord. Resistance wire
strain gages mounted on these cantilevers measure the forces
required to oscillate the airfoil in a given motion. Siice
these forces include inertia reactions as -iveI1as aerod~amic
forces it was necessary to design the “multiple accelerometers”
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F to produce signals equal to the inertia reactions of the air-
foil which could be elec&cally subtracted from the tot.+
force signals. This Merence, then, repreeerits aerodynanuc
forces onIy. The inertia cancellation process is necessary
only for the lift and moment signals since there is no inertia
force in ~he drag direction. The signals are ampliied and
recorded with Consolidated Engineering Corporation 1000-
cycle-per-second carrier equipment. The correct attenuator
settings for the accekrometer signals are determined ex-
periment dly by substituting a “dummy wing” for the airfofi.
This wing is of open construction to minimize aerod@mic
reactions but. has mass and moment-of-inertia properties
identical with those of the airfoil. Because of the relatively
Iarge range of forces to be covered during the tests it ~as
necessary to design and use two complete sets of force-
measuring eIements, a “soft” set for Iow frequencies and
amplitudes and ‘a “stifT’ set to handle the higher forces at
higher frequencies and amplitudes.

A reference-position signal was at fit obtained from an
undamped accelerometer mounted on the rear crossbar K
and Iat m from at Kollsman rot.atabIe transformer O attached
to the rear crank wheeI.

SYSTEMATIC TESTS

The four generaI types of teats included in the te&g pGro-
.

gram are:
(1) Pure pitching motion
(2) Pure translation
(3) Pure motions superimposed on an initial angle of

attack
(4) Combined pitching and transiat-ion with special em-

phasis in the neighborhood of a motion corresponding to
flutter

In order to obtain tie best results throughout the testing
program, the Ieast diflicult tests were performed first and
the experience thus gained was applied to the remaining tests
as they were encountered. Thus the pure motions were
examined &t at the two amplitudes corresponding to the
1- and 2-inch crank-wheeI settings on the actuator using the
soft force-measuring elements. A“ext the turnbuckles, J in
figure 2, were adjuiited to produce m initial angle of attack
of 6.1° and the lower-amplitude pure motions vmre super-
imposed on this initial a~~le.

Since there are so many possible combined motions it was
necessary to restrict the testing to a survey of the field.
Thus tests were made at a constant reduced frequency k of
0.3 for phasings between the pure motions of O*, 90°, 180°,
~d ~~o”. ldealIy the ratio of trmslation amplitude to
pitch amplitude should also have been kept conata.nt to
permit simple and accurate comparisons of the four condi-
tions; but this was not possible, uufortunateIy, because of
the limitations of the oscillator. Another series of tests at
constant reduced frequency vras made in the neighborhood
of a case corresponding to flutter. The derivation of the
correct motions for the flutter condition is described in the
next section.

.,
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Because of strength limitations, te5ts using the soft elements
could not be run in the high-frequency range for the Iarger-
tunplitude motions. Thus, m order to extend the frequency

rtmges already corered in the pure motion tests, the stiff
set of elements was instsled and high-frequency tests at
the huger amplitudes were made.. lt was &km decided to
run another series of tests near the flutter condition pardy as

ae= t6.7g

a check on the pretious runs correspond@ ta a condition
near ffut t’er. This second flutter series was made with a

constant phasing between the pure motiom, with a constmt
ampIit.ude ratio, and at a constmt airspeed. The only

-iariabIe -was the frequency of the motion which produced a -
corresponding variation in reduced frequency k. “ .——
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I?or all but tho combined-motion tests, eit.hcr two or three
aimpeods were used, a,vwraging about 95 miles per hour,
and the frequency range was covwxl for each nirspeed in
half-cycle per second steps. The combined-motion tests
were run at onl,v one airspeed and for each test the frequency
was varied’ S1OW1Yand smoothly over a range from slighdy
above to alighdy below Lhe frequency corresponding to the
desired value k=O.3.

‘Me over-all instrument system was c.dibrated by applying

known forces directly to the wing and notiug the cor- .

responding galvanometers deflections in the recording oscih
lograph. Typical records are shown in fqgures 4 and 5 and
inc~ude traces of Iift, moment, reference position, and in some
eases drag, as wdl as zero traces. Despite the ralutive.ly ,
high-frequency “hash” on most of tho records, consistent
va.Iues of ampIitu&s and phaso angles were measured nnd
are plot~wl in figures G to 17 and rccordod in W&s 1 through
x.

. . .. . . . :.. .... .... . . . .

(a) Combfnedmotions.
(b) Purepltehwlcblnltkdangle.

(o) we -t~ Wltbhithl wk.
FmuEx 6.-TYPM rewrdsof mmblned motbxm, pure p[tohwithlnltld anE1e,andpuretmnslutkmwithlnitbdangle.
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THEORETICAL BACKGROUND

TO obtain the thmretical values of tho aerodynamic
dmivative9 for comparison with the expwimentd results
of Lhk reporL, the analytical mcthock used were Im.scd on
Thcodorsen’s work (rcferencc 1). In this analysis separate
so]utions are given for pure hmrnonic pitching and pure
translation, and a combination of the two requires only a
vector addition of the derivrttivw duc to the pure motions.

The two-dimensional lift and momont equations, as
rearranged by Hunter, z are as follows:

J
(1)

l’hew ICSUka are conveniently expreascd in complex nota-
tion. For example, the lift force resulting from a sinusoi-
dally varying tmmslationaI motion may bc written as

LT=4qb(&T+iILT)e’”’

Here M represents the angular frequency of the forced
motion and t repremnts time. ‘1’he subscript 7’ is used to
designate the translational mode, and the restriction that
the real term R and the imaginary term 1 be those t.hut

appIy ordy to the lift force is specified by tho subscript .L.
This exprcmion of the lif L force due to the translational
motion can be written in anoLlwr form as rt nondimensional
derivative:

~LTwhere #L~= tan’1 —.
RLr

The expression for the theoretical aerodynamic moment
dc.rivat.ive in the translational rnodr may be written:

-$f;,=~7w77e’’’++”” (3)

~MTwhere @Mr=tan-l —.RMT
For the pitching motion, the form of the equations is

identicaI to that for the trw~sIation; the lift LP due LO pitch
is expressed in terms of RLP,12P, and ~u and the moment
i14p due to pitch is exprewd in terms of RMp,IMP,and +Mp.
TIN combined-motion case. is dtierentitiid from the above
by tho use of the subscript R (meaning resultant) instead of

the sul.mxipts P and T.
The real and imaggnary factors givcu by the theory for

a two-dimcnsiomd wing are as follows: ‘

I Unpubllshti M. L T. Master’stlmdsby Maxwdl W. Hunter,” Cakulat[onof theArm.
dyrramioSpanEflectIn FIutterAr@mts,” June19iL

‘L’=+(:+k”)

l,.~=
rhe–7 ‘F

Ru==-WF+G+’)”1
()I.uT=~~+a kl’

RLp=-.ao[u;:+F-(+-(l.) kc]

‘L’=-”a@[:+G+(~-
““’=”*{s(:+a’)+(i+a
“’=-”~{:(+-a)-(#+a

RLa= llL~+ RLpcos 6– ILp sin 6

.IL~=ILr+RLp sin O+IU cos e

RM~=R.ur+ R=p cos 6— IMPsin 8

I.MIZ=~~=+ i?~p si~~6+& ~os 6

and th~ corresponding phmc angles are:

with the additiomd condition derived
table:

R+––+

I++––

Quadrant 1 2 3 - 4

from the following

The angle 8 is the amount by which the pitchi.ug displace-
ment vector a leads the reference displacement vector h;
the ratio ub/V is the reduced frcqurncy parameter k; F and Q
are respcctivdy the reaI and the imagimmy parts of the
Theodorsen function C (k); the symbol a clenotw t.hc ratio of
the distance of the elastic axis behind the midchord point to
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the half chord b; he represents the amplitude in inches of the
translational oscikt ions and a. repr~nts the ampiitude in
radians of the pitching oscillations; h and L are positive
downward and Q and .If are positive for a rotfition toward the
stall.

One of the ouktanding advantages of the apparatus thnt.
was designed for this research is that not only can pure pitch-
ing and pure trmdating motions be imparted to the airfoiI at
a rhoice of amplitudes in either pure motion, but a wide
range of combinations of pitching and translating motions can
tdso be used with an equalIy wide choice of phase intervals
between the motions. Thus if a combined motion corre-
sponding to a typicaI flutter ia imparted to the airfoiI a
study can be made of the aerod~amic reactions for this
mit ical condition.

Since the airfoiI is inherently extremely rigii, it follows
the forcing motion of the linkage without perceptible devi-
ation. This motion can be adjusted to simulate that of a
spanwise segment of a wing under a wide range of dynamic
conditions. Mthough the chord and profle are fixed, vahms
of dastic-a..is location, center-of-gravity location, mass and
inertia per unit span, and effective spring constants may be
rhosen to represent a typical wing with a flutter mode which
corresponds to a possible setting of the oscillator. The
actual determination of a flutter condition, as outlined in the
foIIowing paragraphs, follows the method of Ending aII the
possible flutter motions which can easily be duplicated by
the oscillator and theu choos~~ one which corresponds to a
reasonable wing.

The conditions for the flutter of a twodimensional wing
in bending-torsion flutter are expressed by the foIIovring set
of differential equations if the effects of structure
are neglected:

m~+S.G+Ckh —LE=O

Ic&+S.~+ Ceu– M,= O

damping

If the assumption that the motions are simpIe harmonic is
introduced, one may write the equations in the complex
forms:

–ma’he-S=~~%e’6+ mwk2he-4q b(RLi2+iI~J=

4q*e%rb{~ (ik+ak’)+[l+ik (’~-aJ~}=O
.- .

(i+a)”ikcl+’q’’~r{i[ik(~-a)-
‘G+a91-(:+a)[l+i’(Hlcl=0

OSCILL4TLLSG .4ERFOIL IX TT$”O-DIMENSIOK.U FLOW .1119 -,- ...-

In order to satisfy the equations of motion, the sums of
the real and the imagina~ components ef each of these
equations must be iudependentIy equal to zero. BY this fact
and the identity e+a= &s tlhi &n 6,

—mu*he—S.U2% eos 6+ mwhzho—4qbR~E= O

– l%xu’uaSiIl o–4qbILa=0

— Id%– S.u2hacos t?+ IaUa2G—
4a b2(RM~cos t?+ IX* sin t?)= O

–S~2h. sin 0+4qb2(IMa cos e–RM, sin 8)=0 .

(4)

These four equations must be satisfied to determine the
flutter condition for a wh.g.

The second and the fourth equations may be written in
the forms:

4qb I~Rh.=– S=&aJ, sin 9

1
(5)

—4 qb2C@?M~sin 8—IMEcos t?)= S.dh,% sin @

These two expressions have left-hand sides which are pro-
portional to the work done by the lift and the moment as
will be shown below. “In the absence of structural damping
in bending-tonsicm flut tar, the total work done on the wing
during a cycle must be zero. by work done in one degree
of freedom must therefore be offeet by equal and opposite
work done in the other degree of freedom. The means of an
energy trrmsfer from one degree of freedom to another ies
in the inertia coupling between the pure motions.

That energy transfer exists only if an inertia coupling
term S= is present. maybe easily seen if one studies the work
equations cIoseIy. The air forces may be written as:

L, 2 {W++==) +x{Ru*+~Dief[uc+*LP+ti—=l~RL~2+ ILT e
4qb

M.—=l~RMTz+ If12e{(rnt+~xrl+~~RMp2+IXPZe{ tMt++MP+n
4qb2

Then the work per cycIe done by the lift force is:

2r

$
L&h= –4qbuh.

{J [
~’RLT2+1=~2cos (d+~LT)+

“R’’*+~=*O:s(~+’~’+’’ls~~”}
But

Zr

JT
.

J

Zr
Cos (C Llt+f$)sin ddt= —S*

sin 4
sin* d d(ut)=-r —

o 0 @

Therefore,

4 [
T;”L= LBdh=4qb~he >IRLT2+1~=3SiU ~==+

>!RLp9+ID2 SiD (@w+ O)1
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SimiIarly the work done by the moment per cycle is:

1JZTiZ2sin444.
The same results may be expreascd in the simpler forms:

~~L=4qbrh&,+RL, Sin 6+ IL, COS d)

=4qbrhoILR )
\

~

(6)
WK=4 qb2uc@& –Rx= sin t?+~x= (!0St?)

= — 4 qb2%u(RM~Sh e— IM~cos f?)

These values of work per cycle are proportional to the left-
hand sidea of equations (5), tho constant of proportionality
being T. Thus it is seen that the couphng term & makes
possible the exchange of energy between the motions in
such a way that the net work done by the ai~oil at flu ttcr
is zero:

~yN=– (W.+ WJ=O

To proceed now to the actuaI soIut.iori of equations (5),
it is convenient to introduce the dimensionIm auxiliary
quantities:

1#=: 1~~
0

?w’=; IMT

I?..,’=;RUT
0

I=.’ =-; 1..

R~P’=: R~P

I.wp’=&-IMP

Then,

‘T’’=4qbh~[+1’’’+(t)(sin’+~~’’os’)1s’)l )

These sets of transcendental equations can bc solved “grapl~-
ically” with the use of the nondimemional coefficients:

C.L= ““+(%4qb%h0 I+RL,’ sine+ ID’ cos 0

If Llwse cdlicie~lts are plott,ed against t.ho ratio hO/a@for
several values of o at n given wdue of k, wherever Cw~ is
equal to CWLat the sanm value of 8, them mists a point. of
zero work. Plotting 8 against h,/ao for thcso points of zero
work produces the curves ahown in figure 18. Supcrirnposcxl
on the same pIot am curves showing possihIc oscillator sct,-
tings m-d the particular condition chosen for testing is
marked with a huge dot on the curve for k= 0.3 at hO/%= 15
and 6=225°. The properties of the corre9prmfIing wing,
as determined from the solution of all four equations of

m
motion, are: — =14, a- –0.26, i5’=S0.013, and Z–ah H 1.2

webs
inches, where b= 5.75 inches.

03060 WIZ)1501S 0210 240270300330360
e,deg

FmuEE I&—Graph[ml mlutlon for IIuttar omdltkma.

ANALYSIS OF RESULTS

GZNERAL DISCUSSION

A prime consideration throughout the cnLiro program has
been the desire to obtain really qtmntitativc results, and a
great dwd of energy has been expended to this end. An
arbitrary error Iimit of + 5 percent which was set early in
the deveIopnlent program required that each compouenL of
the entire system have a predictable behavior within a fcw
percent.

An examination of figures 6 to 17 reveals some CIUCSas to
how accurate the result9 actually me. lmoking fwst tit Ll]e
pure motiom in figures 6 to 10, it mwy be seen that espccidly
for the smaller amplitudes the cxperimcnhd points Iic in
narrow even bands. The width of these lm.nds is an indica-
tion of the uncertainty of the measurements and can be.
attributed to items such as unevenness of air flow, smaII
variationa in airspeed, and difficulty in finding amplitudes
and phase angIes from the galvanometers traces. Nor 1]1~

larger-ampIitude pure motions the series of taikd poi~~ts
do not necessarily fall in the same bands as the other points,
undoubt.cdIy because of the fact that they are derived from
teats using the stiff set of force-measuring clcmcnts ral.lwr
than the soft. Since these tests with the stiff clcment9 were



AERODYNAMIC DERNATIVES OF A SINUSOID ALLY OSCILLATING AIRFOIL IN TWO-DILIENS1ONAL FLOW 1121

made some months after the other teats, a comparison of the
results gins an indication of the consistency of the over-all
appmatus. The moment phase-angle data in Iarge-ampli-
tude pitch, for e-sample, show that while the inaccuracy or
spread is consistent the a~erages of the two series differ by
as much as 8°. SimiIar trends are evident in 2-inch-transla-
t ion Iift magnitude and moment phase angle. These dif-
ferences probably arise from such sources as mriat.ions in
timeleromet er-eignal amplit udes, carrier-voltage ~ariations,
tind even improvements in technique and equipment.

.4 variation more difficult to account for is the apparent
shift in the lift magnitude and phase angIe in l-inch transh-
tirm at a reduced frequency of 0.2. This shift does not
indicate some failure or sudden change in the mechanism or
instruments because it is in the same place for each airspeed
and the entire frequency range vm.s cwrered for first one air-
speed and then snother. The stat ic calibrations gave no
cltte and some preliminary tests for the 2-inch amplitude
shm~-ed the same shift. A minor breakdown in the oscillator

linkage at this point prevented further investigation and the

trenrl was completely absent from subsequent tests.

.4 fact pertinent to this discussion is that, although phase

angles are inherently diflkult to measure on the records, they

are not changed by va.riat ions in carrier voltage, element

sensitivities, or cahbrations and are thus in a sense surer to
be right than magnitude measurements. The absoIute
magnitudes of the phase angks, however, are dependent on
the accuracy of the reference-position indicator. For the
earlier tests the output of the position accelerometer was
badly obscured by natural-frequency hash as shown in @e
-t, since it was necessarily an undamped accelerometer. The
use of a ~olkman rotatable transformer ehninated the hash
but introduced the problem of setting the transformer in
phase with the odIator. An unceasing effort was made to
reduce the general hash level on the records, but little
improvement could actually be achiered.

PURE hIO’L’IOSS

\-iewing the data with the reservations dictated by the
previous discussion, several gened trends are noticeable.
The agreement between theory and experiment is remarkably
good for phase angles with the possibIe exception of lift in
%nch translation. The magnitudes of Iift and moment are
in close agreement for translation but show cletlnite devia-
tions from the theory in the case of pitch. For the sma~er
pitch ampIitude the moment checks better than the Iift
while for the Iarger amplitude the reverse is true. In
general, however, the deviations become more pronounced
at the smaIl values of reduced frequency. This trend is
discussed further in the section “Component Analysis.”

Although the drag forces are very snd compared with
the Iift, and the drag trace is sometimes almost tatalIy
obscured by hu~h, it -was possible to obtain ‘taverage”
vaIues of the magnitude of the oscillat~~ portion of the
drag in the case of pure pitch. Since ~m is positive for
both positive and negative angles of attack and since there
is a very sIight tilt to the air stream in the test section, the

d~w trace appeam as a displaced nonsinusoidaI doubk-
frequency curre with alternate peaks of sIightIy difTerent
amplitude. It is the average ampIitude of these peaks that
leads to the coefficients plotted in figure 8. The most
noticeable characteristic of these curves is t-he definite posi-
tive slope, especially for the larger-amplitude motion. A
probabIe cause is an increased turbulence or breaking away
of the flow at the higher reduced frequencies, which is not
unreasonable vihen it is remembered that the airfoil is
oscillathqg through a total ampIitude of 27° at frequencies
as high as 17 cycks per second.

When the pure motions are superimposed on an initial,
angle of attack, the maetitudes of the oscillatory components
of Iift and moment drop off noticeably aIthough the phase
angles stiII show good agreement with the theory. In the
case of superimposed pitch, for instance, the moment
magnitude is somewhat 1sss than for the Iarger-arnpIitude
pure-pitch case. It is “kteresting to nota that, although the
records for these tests were not so c~ean and consistent as
for previous tests, the uncertainty or spread of points is
not noticeably worse.

F~e 14 contains the data for the components of Iift and
moment due to the initial angle. These values were ob-
tained by measur@ the displacement of the center Iine of
the sinusoidal trace from the galvanometers zero position and
for the range covered there appears to be no definite trend
either up or down. Although the uncertainty of the points
is usually smti, there is d&niteIy a greater possibility of
error than in measurements on the oscilIat&~ portion of the
traces because of the greater complexity of the record-
anaIysie procedure for the component data. Ik alI cases
the points at zero reduced frequency are values obtained
from the static coefficient tests.

COMBLXED MOTIONS

The combined-motion tests were run in two sections at
tvio difhrent times. The tests illm~trated in figures L5 and
16 were run at a constant reduced frequency of 0.3 tith the
phasing between the pure motions as the variab~e, using the
soft elements. The tests illustrated in figure 17 were run

with the stiff eIements at a Iater date, holding the phasi~w
constant at about 225° and varying the reduced frequency.
ln this way the flutter condition, at k=O.3 and 8=225” as
found k. the previous section, was approached from two
directions with the hope thtit the experimental values at the
common point would check. & can be seen by comparing
figures 16 and, 17 this is not the case, especially for moment.
A thorough investigation of the possible sources of the error
indicates that incorrect signals must have been coming froti
the muItipte accelerometer at lewt for part of the ran& of”
phase variation in the case of ML in figure 16. The fact that
the ratio of translation amplitude to pitch amplitude could
not be kept constant as the phasing between the motions
was varied hindered and c.omplicakxi the search. The
reason for the comaiderable difference in the moment data
canld be adequately determined only by a repetition of the
test&

2?24s3-54–--72
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The above-mentioned discrepancies are damaging, how-
ever, only in a quantitative sense as the data are stilI val-
uable in showing that the trends predicted by the theory are,
in generaI, correct. When the total work per cycIe is cal-
ctdated and p~otted against k and 8 in tigure 19 (data in
tables VIII through X) the points foIIovi the theoretical
curves in a remarkably consistent manner. CIoser instig-
ation yiekk the fact that at this flutter condition the work
per cycIe due to Iifk has a far more important contribution
to the total than the work per cycle due to moment. Thus,
since tie work per cycle due to lift is the product of the
imaginary component of the lift and translational velocity,
it becomes apparent that the good agreement on the work
done is readily possible in spite of the comparatively
poor data in figures 16 and 17.

The three-dimensionaI plot in figure 20 (data in tabIe XI)
is an attempk ta show- graphiody the variation in work per
{yclc at the amplitude ratio of the flutter condition. For
any value of reduced frequency the variation, is sinusoidal
although the amplitude, phase, and mean value till change

for diflerent values of reducd frequency. Thus the theo-
retical curve of work per cycIe against reduced frequency

-1 -–— ~—- 1 f v

0

~ ~

-.1 - _—— —--
. EU

-.2

-.30
1 I 1 1

.2 .4 .6 .s [.0 L2
k.~

in figure 19 corresponds to the element of the surface at 2%.5°
in flagme 20. The intersection of the surface with the zero
work plane shows all possible flutter conditions at this
amplitude ratio although they are not, of course, all for a
wing of the same characteristics as asaumwl in this report.

COMPONENT &%.4L!fSIS

With the hope of gaining a better understanding of the
factors which determine the aerodynamic reactions on a
simpIe airfoil in two-enaional flow, a study has been
made of the magnitude and effect of each term in the
theoretical equations.

Looking first at the equations given by Tkodorsen in
reference 1,

“=-’’’[”a)-”’’+”’+( i+ai)~’”””l+”l+

““’’”(”+i)”[’”a+’+b(i -a)=l

-.L .

.-
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it is simple to rcduco them equations ta the cases of pure
translation and pure pitch; tha~ is,

L.= – ~pbzh—2rp b VCOL)

[ (2)1
LP=~Pb8ati- ~pbW&—2~Pb VC Va+ b ~—a u

MP=–~pb4
() ()

~+a2 a–~PbgV ~–a it+

z“p’’v(a+i)c[’’”+b(a)al’l
‘rho lift force & for example, is made up of only two terms,

of which the first is a pure inertia reaction term, and the
seeond is a lift due to induced angle of attack modifiod by
the wake according to Theodoraen’s function C= F+iG.
SimiIarly, L= consists of an inertia reaction term proportional

to angular acceleration, another type of acceleration term

involving the product V&, and terms due to ang]e of attack

and rate of change of angle of attack modified by th

function C. The moment terms are quite similar to tie
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lifL terms except for tho addition of various funcLicms of
a, a measure of elastic-axi9 position.

lf the substitutions

h=h.eiml

a=&e{*:

are made and the reduced frequency k= ah/V is introduced,
the equations become:

L= k’
—=Y— ikC= BLT+ ELT4Tqho

Lp
—=–~~–C–ik(~–a)c=A.p+B~+4rqb%

DLp+ ELp

hf=

()
—= —~+ik ~+a C=BMT+EMT4rqbho

.Vp
4rqb2ao‘-xw+xi+ag)+(i+a)c+

~ ‘k(i-a)(i+a)c=A~’+B~’+D”’+E~”

J4 I
Em, We-dim
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Each of these individual terms has been pIotted in figures
2 I to 24 (data m tabIes XII through XIV) for an airfoiI
R-M ekistic axis at 37 percent chord (a= —0.26). The
total of each group of terms is marked twodimensional.

$illce tabl~ of spmwise Ioad distribution and modified

C-function for an aspect ratio of 6 were readily avaiIabIe in
referemce 2 by Reiasner and Stevens, an approximate correc-
tion has been calculated and appIied to each twodimensionaI
theoretical curve. These three-dimensional corrections have
been included in this amdysis because absolutely perfect
two-dimensional flow conditions did not exist during the
tests. At all times there was a clearanca between the ed~ea

of the wing and the vertical end plates of the order of XI or
lh inch tlu&@ which air could move from one surface to
the other during the oscillations. The threedimensionaI
cur-ma, then, indicate the direction and magnitude of a
correction for an aspect ratio of 6.

The dashed cum-es indicate the average of the experi-
mented data for tle amaIIer-ampIitude pure motions. It is
interesting to note thaL in the case of pitch the nperhnenta.1
curves fall betwecm the two-dimensional and the tbree-
dimensional curves and apperm to correspond to am aspect
ratio considerably higher than 6. The inconsistent lM-
havior of the experimental data for Iift in translation may

4
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be attributed ent.idy to the shift in the curves shown in
&ure 9(a). Far more consistent results wotid be obtained
if the data for the Much translation were pIotted instead.
For moment in pure trandation the data pIotted are consist-
ently higher than even the twodimensiomd theoretical curve
although the curve for the higher ampIitude would be in far
better agreement. The poorer data are pIotted primarily
for the purpose of gathering additional clues to the reasons
for their trends.

HARMONICANALYSE3

An assumption which is rather easily checked from the .
experimental data is that the aerodynamic reactions on a
wing are perfectly sinusoidal for sinusoidal motions.

During the course of the data analysis, periodic checks
vnxe made to be sure that the gakanometer traces were
mm-y nearIy &msoida.I so thab the measuring of ~p~itudes
and phase singles was a did procedure. Siice a more
careful check ma desired, two typical Iarger-ampIitude
pure-motion records vmre carefuIIy enlarged photographically
and examined thoroug.ldy. Pure-motion records were used
because they are relatively free of hash and the traces are
fairly huge. AIso the Iarger-ampIit.ude records vmre more
likeIy to deviate from perfect sinusaids than those for the ._._

.. ..—.

smaIIer amplitude.

\

\

\

2 .4 .6

FIGURE 22.-CkCtPOWL)t dFSk Lift h parepitck ALP--W Bu. -&/!& DLF. -~ E=.. i—a(* )ikc.
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‘1’ho results of the investigation wero negative for. both I
pitch and translation in that no deviations were found of nn
order greater than might have bwn caused by small varia-
tions in the oscillator motion or by slight nonlinearity of the
instrumentation wystem.

CONCLUSIONS

The lift and moment on a symmetrical airfoiI oseiIIating
harmonically in a twodimcnsiomd flow were experimentally
clet.ermincd and t.hc resuIts were analyzed and compared with
the prcdictiom of the vortex-sheet t.hcory. The most
general conclusion to be drawn from this wmlysis. is that the
expcrimenkd data corroborate tlw predictions of the theory
over an important range of reduced frequency. In addition,
the following more specific conclusions may be drawn:

1. The component analysis indicates that two-dimensiomd
conditions were not quite realized for the M. I. T. twt.s,
although the effective aspect ratio was well above 6. A

reduction of the clcurunces l)ett~een airfoil and vcrtica~

end plates would undou~tedl~ raise tho efltxtive aspect

ratio b a vcr~ l@h value,

2. For pure motions the effects of amplitudo and iniLiaI
angle of attack appmr to l.msmall for remonab]c nmp]iLudcs,
If Lhe stall range is approached, however, or if very small
angles of attack me under mnsidera~ionj very Wmitc
deviations from the theory must be espccLcd.

3. The combined-motion tests indicato that, for t.hc
typicaI flutter condition chosen, the experimental nnd
theoretical work-pm-cycle eondiLions check very well. The
net work per cycIo for a motion corresponding to flutter
was experimentally determined M zero. ~nforLunately
generalizations in a quantitative sense for t.ho rcrnrtining
combined-motion data are not justilcd because of t.ho incon-
sistencies of some portions of the data, QuuIitativeIy, the
trends predicted by theory are followed quite rtccural.ely
although the combined-motion fieId is so broad that the
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psent test program only touched some of the high spots.

.4. 111 the case of pure pitch tiere is an encouraging
tigreement between various independent groups of data.
Testa made on wings of different dimensions and profiks in
various types of wind tunnels and with entirely different
measurement systems all seem to check quite well. .Whough
several minor Reynolds number effects are noticeable the
hagic trend indicates that the aggeement between theory md

OSCILLATING .41RFOIL IN TTVO-D131EXSIONAL FLOW 1127

experiment becomes better as the Reynolds number is
increased. Tests below a Reynolds number of M0,000 may
actuaI1~ give incorrect trends w w-e~ w poor quantitative

data.

3LSSACHIJSEITS INSTITUTEOFTECHNOLOGY,
CAMBRIDGE,31 Ass., April 1,1948.

APPENDIX

SURYEY OF REFERENCE MATERIAL

An intensive search of available materhd yieIded a con-

siderate amoun~ of experimental data compikd both in

the United Statw and Europe deahng with the aerodynamic

reactions resulting from pure pitch. Apparently no pre~ious

work of this type has been done on pure transition or true

combined motions and none of the experimenters in pitch

measured both Iift and moment. Curiously, previous -work

in this country has been concerned only with lift in pure

pitch whiIe the British have made extensive measurements

on momentt in pure pitch. The material deaIing with Iift

will be examined first,followed by the material concerning
moment. A surnma~ of airfoils used in the experiments
llescribed on the following pages appears in figure 25.
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The first attempt in this country to corroborate the theu
new theory as put forth by Thodorsen was made in 1939 by
Silverstein and Joyner (reference 3) who presented some
expmimental data on the lift phase angIe in pure pitch.

Their relatively long and narrow airfoil was driven at one
end and support ed by a cant iIever beam M the other.
Minute -iertical deflections of the beam were amplified
optically and recordecl on film. The results demonstrate
qwditative agreement ti-ith the theory but, vihen plotted
against reduced frequency rather than its reciprocal, they
show a ~ery considerate spread above k= 0.3. The points
which could be read from the published graph with a reason-
able degree of accuracy are reproduced in figure 26 (a).

The next Iinovi-n work was done by Viicenti under the
supervision of Reid at Stanford IJniversity (reference 4).
Measurements of both the magnitude and phase of the lift
in pure pitch }vere made on a consideraLJy larger wing (~. -
25) with an apparatus basically quite sindar to that used
by Siiverstein and Joyner. Fairly good qualitative agree-
mmt for both magnitude and phase angle vies obtained.
Ordy the phase-angle results are reproduced in figure 26 (b).
ksufficient information was available in the published re-
port to permit conversion of the manmitudes to the notation
used in this report. As will be seen Iater, the poor quantita-
tive results ctin be attributed Iargely to the low Reynolds
numbe~ Re-=200,000 at which the tests were performed.

Mter J“incenti’s rather promising results were obtained
a comprehensive program was undertaken by Reid (reference
5) using the same basic apparatus. As ihstrated in figure
25, fore- dfierent modeIs were used which permit Led various
combinations of chord and eIastic-axis position. Repr~
sentative results are reproduced in figures-27 and 28 (data ‘m”
tabks XV and ITT) for an oscilIat ion amplitude of +-2.5”
and for frequencies of 6.66 MN.I 10 cycles per second for
modeIs A and B a.ml models C and D, respectively. Since
the range of reduced frequency was ccmered by ~aryhg the
airspeed rather than the frequency-, the ReynoIds number
decreases in inverse proportion to the reduced frequency.

In order to put these Stanford resuhs on a basis directly
comparable with the M 1. T. results for tie purpose of a
Reynolds number survey, the data have been slightly modi-
fied to corre& for the differences in elastic-axis position.
Thus for models A anti C the correction is:
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L—_
4qbao—— {

– –0.26+0.20)k’+ikC(0.26 –O.20);(
1

=0.0492 kZ–0.1885ikC

and for B rmd D,

L
—=– O.2199k+0.4398ikC~q bao

These corrected results are aIso pIotted in figures 27 and 28
and should be compared with the thwxctical curves which
arc for a= —0.26.

In fimh presenting his results, Reid plotted the ratio of the
magnitude of the oscillating lift to the magnitude of the Iif t
under steady-state conditions at a corresponding amplitude.
After noticing several apparent inconsistencies in the trcu.da
of his data, he discarded his previous assumption that
identical stream-boundary effccti occur under both steady
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and oscihting conditions. All of the oscillating lift mag-
nitudes ware thtm divided by tho values corresponding b the
Minitc-aspect-ratio Iifkcurve slope for tlio PTA(2A 0015
profile of 0.100 per degree. These revised calculations m-o
the basis of the pIots reproduced in this report, The cou-
vemion in nomenchbturo is simply:

where A. and B me tlm reaI nnd imaginary components of the
lift magnitude as given by Reid. Actually, to pro-ride a
comparison with the theory of the same form as used with
the other data in this report, the Stanford lifL mqgniturles
should bc reduced by the ratio of 5.73 to 2r or almost 10
percent bccausc of Reid’s introduction of the Iift-curre S1OI}C
of 0.100. With this reduction the m~mnitudes WOUMfall on
or slightly below the t~coret.ical curve and t.llus bc quite

consistent with the avcra~e 11. I. T. results.
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In general, the results obtained by Reid are in good agree-
ment with the theory, both as to magnitude and phase ang~e,

m long as the ReynoMs number remains above at least

1%,000. The effect of either amplitude or mean angIe of
os&lIation appeam to be negligible so Iong as the former is
not too small and the mgles of attack do not exceed the
linear range of the steady+tate lift curve. Serious devia-
tions for am amplitude of +10 indicate that the ratio of
lineur displacements of points on the airfoiI to the transverse
dimensions of the boundary Iayer may be important for very
small amplitudes.

‘I’o provide a comparison between the Stanford data and

those obtained at M. 1. T., values of lift magnitude am-i

phtise angle for various reduced frequencim have been

plotted against Reynolds number in figure 29 (data in tabks

XV through XVII). Trends for each value of reduced

3,:
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k
4————-”-————--————--–Lo

v
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.—-——
t

t
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frequency are indicated by short- curves for Stanford and
M. 1. T. The corresponding theoretical -mIues are ako
plot ted. The tigreement between trends is remarkably con-
sistent. Quantitatively the check is also quite good for- “-
both magnitude md plmse angle if the Stanford lift mag-
nitudes are given the previously discussed 10 percent
reduction.

The availabIe data on British measurements of moment
in pure pitch me contained principally in references 6 and 7.
The apparatus used to obtain these clata rotates the airfoil
in the tunne~ vrith one steel band and an identicaI airfoil
outside of the tunnei with another steel band. The clif-
ference in the tensions of the two bands is a meesure of. the
aerodynamic moment and operates a mechunicaI balance
with a magnetostriction stress unit. The res.dtant electrical
signal is photographed as it appears on the face of a crM~ode-
ray oscilloscope.
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‘1’hc British are appmently primarily interested in the

effect of initial angles of attack on t~c damping or imagi-

nary part of the moment signal so that data at zero initial

auglc are not very plentiful. Quite a few tests on wings of

finito aspect ratio w~ere tdso made as well as Witi Wings of

dif~erent profiles

lnasnmcl~ M a completc airfoil Jvas used as a moment-of-

inertia L)alance, not ordy the structuro.1 momont of inertia

was cunceled out by tbe lmIancing procedure, but the eflcc-

tivc moment of inertia of the air surrounding the airfoil as

“’’”“’is’ermdz)‘2 1+ as according to the theory, becomes

quite appiwialde at higher values of reduced frcquoncy

and makes the comparison of the British and M. 1. T.
results rather difficult, especially in view of Lhc ahnost. cer-

tain inaccuracy of the theory aL zero airspeed. A correction

for one-half- and one-third-chord elastic-axis posilions

must also be made to permit comparison of the two sets of

data. Tlms the plots in figures 30 to 33 show the British

data first sim~ly convertd to the method of prcsentatiou of

this report and second corrcctcd for ideal air incrLiu and
elastic-a~is position. Thcomtical curves arc given for both

conditions.
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In figure 30 and tables XV and XVIII the data
from reference 6 show good phaso-a.ngIe agreement
with the theoretical, especially for the higher Reynolds
numbers, but the magnitudes are somewhat too high. Fig-
ures 31 and 32 and t.abks XV and XIX from reference 7
arc also for a half-chord axis and tho curves show the same
general trends. Bocauee the flexibility of the airfoil was
resulting in apprccifible deflections of the center section
under load, the data of figuro 32 were taken with an addi-
tional center support for the airfoil as a chock against the
original data of figure 31. The surprisingly high momen~
magnitudes at zero reduced frequency in figure 31 were
obtained from static pitching-moment curves by integration
over a complete cycle of incidence variation (reference 7).
The results for a third-chord axis in figgre 33 and tablm XV
and XIX show simiIar trends although the agreement for
both magnitude and phase is pooror than with the teats
about. the half-chord axis. 11 is interesting that the higher
Reynolds number gives a somewhat better agreement with
the thcorctica.1 predictions.

When the corrcctcd British data are plotted with corre-
spondi~m Ikf. 1. T. data against ReynoIds number in figure 34,
several defhite trends may bo noticed. The rate of change
of moment magnitude with Re.ynolds number apparently

increases markeclly a~ the higher rcduccd frcquoncics for all

three sets of data. For moment phase angle, however, the

data from reference 6 appear to IM somewhat out of “step
with the remarkably consistcut data from reference 7 and
hf. 1. T.
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. Iii?

.m

:%
. lbi
. In
.lm
.1%
.%

:24

0.273
.s
.283

:=
.!M4
.260
.Zii
.!m
.Zn
.Z4Q
.249
.249

:E
:%2
.!?ob
.X3

:=
.2.s2

:=
.2s4
.!aia
.%to
.240
.!245
.Zko
.!UO
.!W
.W
. lbl
.2-49
.M1
.%-
-%
.%
-244
.244
.m

WI
Iis

%
w-i
in
174
Iis
m
1%
la
173
I&2
m
14n
m
la
li9

%
m
17S
Iib
175
m
Is3
m
Ml
Is3
Ia6
M

E
m

:;

z
M3
162
K
Is9i
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TABLE lIL-EXPERI tIENT.4L VALUES OF MAGh’ITLJDES
AND PHASE AN GI.ES FOR PURE PITCH; PITCH .4MPLI-

TA13LE 11’.—EXPEItIkIh;NTAT, VALUES OF 11.LGXITUDES
AND PH.\SE ASGLES FOR PURE T1{AXSLATION; TRA?W-

TUDE, 13.48° L.4TION AMPLITUDE, 1.00 INCH

[IHmtlc axis,37pmont chord; som[chordb, S.S3 h: MM W@ a,, 0“][Elasttc axis, 87penxnt chord; semichordb, 6.80In.; Irdtlal angle a{, 0“]

Moment

-.
qyecl

UyY,

0.X7

;%

.274

.ml

.262

.226

.273

.!zls

.!za

. !431

.l@

.L4a

.171

. ml

.153

.143

.laa

. In

.114

.104

.Ow

.cm

;g

,350
.340
.ax
.W
.26a
.294
.m
.257
.2E4
.246
.22s
.224
.21E
.X13
. 1s7
.IS3
.173
. lm
.149
.Am
.l!a
.11.3
.110
.097
.Om

:E
.274
;%

.m

.228

.213

.124

. IS7

.174

.UW

.Id2

.122

.-

.111

.104

.OW

.oiB

.069

.002

.053

.3m

.343

.232

.224 ;

.314

.330

.X4 ~
—.

Lift
LUt Moment

----- -...,
mocitj
V.@h‘drdt y,

~ (mph)

m. 2
Kt.2

%1
809
6Q2
802
802
802
soa
aoa
g:

8( s
80.s
91.6
91.a
91.6
OL7
W 7
m. 7
m. 7
91.7
9L 7
m. 7
91.7
91.8
91.8
91.8

10$46
103.6
IP3.e
lm. 7
lm. 7
106.7
103.7
lWI.8
l@3.8
103.8
1U3.8
103.9
106.e
108.9
——

...——

91.6
9L 5
91.E
91.6
91.7
9L 7
91.7
91.7
91.8
91.8
91.8
91.8
420
Szo
S2.o
S-2.0
92.0
9!A0
%2.0
92.0
9L 7
QL7
91.7
QL7
9L 7
m. 7
9L 7

iRL++ T&

o. 12!!4
. m4
.Izd
.1134
.1214
.1127
.Io!M
.mso
.07S$
.07K4
.Oma
.m
.0701
.Mm
.0s87
.0533
.0514
.04w
.0471
.0422
. 02s7
.0397
. ms4
. M57
. CW2
.Ccw
. lsw
.s.%3

:%

.I.m

.1133

.lm

.Iflio
; poq

. RJ52

.OE’Q

%%
.03$0
.W&l
. mlo
. Q!!$l
.0502
.0s03
.0455
.0403
. m74
. mm
. a702
. M07
.0286
.1018
.lll!m
.Ufi9
.1629
.0942
,07M
.072-5
.Ow
.0501
.M78
.0S34
.0456
.0437
.!XOI
.0401
.mm
.mm

:l!!!
.0m2
,140
. lul
;g

. ~a

. 12a

.112

~RU,%=Iy@

a 0270
.MS3
.m24
.mlo
.a354
.U338
. mls
.m
.0242
.02.M
.Mz41

:%
.ml
.0196
. Olal
.OISI
.Olm
.0150
.0142
.0120
.0122
.Olls
.0113
.(!105
.Ix91
.6200
.m64
.M42
.m2
.m45
.M28
.G2M

:%
.02?.6

:%
.0207
.0252
.0288
.0239
.a224
.OK
;ml

; :;~

.0143

.01%

.Om

.0121

.m65

.03$3

.0254

.ml

.02SS

.K!34

.0248

.0242

.0234
; :;I

.0108

.Olm

.0172

.m46

.0131

.0123

.9112

.0103

.m

. ml

.m74

.0414

.038$

.0402

.R3n

.0417

:%%

+LT

260
2’52
259
253
!452
257
255
254
234
25a
Wa

E
ml

%’
!a16
207
!.M3
m
ml
261
201

z
207
222
m

-%

E
25S

E
254
257
!436
256
2s4
255
231

z

Bml;osI-

mro

%
272
~

256
!MJ
261

BndmLl-
Uon$ye

!W
262
232
259
!3.4
M.’4
!W
265
xl
271
272
203
254
284
28s
256

%!

-+LP

O:g

.m

.:E”
.483
.4$3
.405
.497
.407

:E
.5GQ
.634
.4s3
.404
.610
.610
.497
.494
.494
.502
.481
.481
.483
.Km
.m
.m
.4s1
.509
.602
.4S9
.504
.W
.6M
.499
.505
.4s9
.4s5
.4S9
.4%5
.4W
.420

17a
177
175
177
180
179
179
1%
Ml
g

]S41
m
L92
Is4
173

:$

181

%

~

%

;H
,;g”

174
176
172
175
175
174
173
In
174
174
175

0.134
.135
.120
.la4
.139
.140
.129
.140
.132
.132
.130
.132
.130
.132
.130
.135
.138
.134
.125
.135
.135
. lsa
. w.
.120
.134

,:Z
.195
.las
.130
.132
.122
.182
.123
.133
.133
. la
.129
. la
.133
.140
.140
,1E3

334.
326
837
239
327
w
834
883
224
324
320
WI
w
325
324
m?
337
MO
3S6
336

%
22D”

E
am
ax”

E
.3&

S37
331

E
230

%
X27
323
324
324
am

W ““
327
331
am
a
32a
335
236
a39
asl

%
23
a-io

%,
::

822
325
816

3
317
818
us
318

StIll dcmonts

0.33!4

.%?

.m
:?2.‘MO
.226
.212
.2?5
; ;~

.175

.153

.153

.141

.218

.203

.m

.181

.822

.822

.817
;W&

.362

.=

y 512
.m
.3ZQ
.512
.4M
. rim
.492
.505
.W5

xl
.tim
.515
.623
.524

:E
.612
. H2
.mxl
.496
.406
.512
.5m
.W
.4m
.5M

182
137
134
134
186
134
LS5
1s9
187
LS2
m
l=
132
186
la.
183
la
18a
la5
ua
184
.~y

191
Ma

%

& 127
.127
.131
.132
.127

:g

.Im

.127

.1!2”

.132
..12Q
.187
.130
.122
.134
.139
. lal
.128
.129
. lal

:H!
. 12a
. 16a
. lill

——.
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T.IF!LE V.—EXPERI MEXTAL VALUES OF M.~GXITUDES
.IXD PH.LSE kNGLES FOR PURE TRAXSLATIOX; TR.WW ;---

.—

..

L.\TTON AMPLITUDE, 2.00 INCHES

[I?hstic de, w pment chorti semltid b, 5.M h.: iDJ~~ SI@ =, @l

Mmnent

.-

.-

——
Lift

‘ Record
‘ nnmhe

+L1’ +Xr

66
70
63
m
63
6U
69
73”
n
m
m
67
67
Ra
n
n
io
n
M
66
(n
6s
64
64

“!3
$

2M
m
m
m
m
m
2Z3
.3-n
m
m
26Q

2i4
2i.4
Z3
2T5
m
376
m

E

z
27s
?232
S1

.. . .. ...

.. ..

—

-.

. . ... ,:. ..

—
Stiff elements

91.4
9L 4
QL4
m. 4
QL5
91.5
9L 5
QL5
9L6
9L6
9L6
91.6
91.i
9L 7
EL:
Ezo
620

2i2
2m
.x$7

267

m
X3
266
3i3
m
269
m
m
Za6
X2
!&2

.
,— —

E’OR PURE PITCH .lBOC~ AxTABLE VI.—EXPERIMEXTAL Y.ILW3S OF MAGNITUDES AND PHASE ANGLES
.%XGLE: PITCH AMPLITUDE, 6.74°

Lut

+LP
1“ cL(Ui)

Moment
Vdd %’“(mp ) +x?

332

326
32Q
323
me
236
336
333
33i
32a
343

g

343
S45

3

332

~

.Tm
SK!
335
m
m
3&8

G&l

Qog

.On

.0i6
Xl&

.065

.C&

.063

.Om

.065

.CGu

.W16

.W-4

.C64

.031

.Om

.OEd

.Obu

.054

.067

.063

.06i

.Cm

.065

%J
.070
.066
.063

+-T=

La
.!B3
.230
.230.243
.223
.242
.241
.240
. 2+0
.233
.!W
.233
.m
.236
.236
.246
.945
. 2U
.244
.241
.236
.237

:%
.223
.?34
.23a
.=4
.234
.234

;-
acm
:%?
.rm
.063
.033
.Co6
.Cr?4
.062
.m

:=
J&

:n!
:%
.063
.b32
.CciI
.m
.059
.Dm
.062
.m
.094
.06!
.062
.062
.O+a

3196
I 319i

3196
S190
3m2

3X4

m

! Z?lo
3211
3235
3216
3217
321s
3219

3m6

3!59
32fo
3241

3216
324s
322
3236
W6i1=

X?@

L!m
.26s

:E
.230
.21i
.2)5
.lm
.133

In
. Its
.16$
.E3
.134

: Yo
.1o2
.290
.239
.27T
.26s
.243

:%’
.Zu2
. m.167
-m
.141
.134
. 1~

b....
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TABLE VII.—EXPERIMENTAL VAL~”S OF MAGNITUW ;\Nll PEI~E .4XGLES FOR PURE TR.4NSLATION
INITIAL ANGLE; TRANSLATION .khIPLITUDE, LOO INCII

ABOUT AN

.,-. ,a. :...
D31w.tlcaxte,87permnt elrord; eemlchordb, 6.WJfn.. k!tlal We m. 6.l@l

._. ” . . . .
m Moment

Reeordrnnm-

C?L?a~...- V

a 0170
. m78
.OM7
.0140
.0187
. !l187
.0186
.0126
.0117
:’#l{

m
.ml
-0081
.mm
.mbl

:%
.m86
.m86
. m72
.0L56
.0159
.0140

:E
.MIS
.0116
. MN
.0?it4
.Mo2
.0288
.am6

+Jfr

o. %0
.267

:=
.229
.216

:.?%
. Ml
.170
.164
. L51
.144
.131
; ;~

.rlm

.ma

.mz

.Z91

.970

..71M

;%
;$

.m

.m

. Ii6

.m

.148

. lzl

.lzz

.110

%
R3
47
m
06

8
04

L!
To
64
71
72

E

:
04
62
65

R
60
64

:

H#hod
_do..._..
. ..do . . . . . . .
_.do_ . ..-.
-..do ... .. . .

ao78
.074
.074
.074
.074
.074
.074
.075
. 07s
.078
. !378

.-- —.. .
-.—--.”-..
-.__:...-
............
------------

.
.&
:44
..47

, :$
..If
:dI

$
.46
.4d

............
-.. -.. .-—
............
...... ......

.on

.072

. oil

.071

.074

. 07s
.073
.Oia
. cn4
a074
.0T4
.078
,075

..076
,074
.074
.U76

TABLE VIII.—THEORET~CAL VALU13S “OF MA GNITUD’ES; PHAW3 AN GLIZS, ANYD i~ET WORK PtiR CYCLE ~OR CC)MBINI?D
MOTIONS

[Ehtfaaxfsj %7percentohor~ mnlohord b, 6.MIIn.: irdt~ @e .{, W
..... — .-

Redumd MotIOn hew
frowlyy, ty c,

(w

l!remlatfon

arWlltude,

(%)

L 87
L87

H
L87
L87

$3
L8i
L 87

H

.:.
Ve.dablereduced freqnency

.. . ..
.. .

am
.=76
. Iwa
. 141&

:K%
.lonl
.0W6
.0M6
.M@
. lom
.11,81

am

~,

m 2a
8.?2.
.Zm.

85445
m-i.
g-
.

. .

&19
6.19
A19
b.19
6.19
h 19
h 10
h 19
h 19
h19
h 19
&u

0
. O!w
.100
.200
.?All
.3-10
.340
.403
. 44!l
.Sm
.S33
.iixl

-m 045
-&4. 167
-29.044
-a m
-~ g

3.SW
7.m

. ...- ....—

............

.. ... ....-

....—...—

Variable trermletionarnplltude,pltcb ampl[tude, and moth phaeeangIo

L&Wl

~ :%

.booo
1.mo

t.%’
L .@71
.Wi6

;#

. . . ... .-
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TABLE:.12C-EXPERIMENTAL VALUES OF MAGNITUDES, PHASE ANGLES, AND NET WORK PER CYCLE FOR COMBINED

.. .

MOTIOXS ; VARIABLE TRANSLATION AMPLITUDE, PITCH AMPLITUDE, AND MOTIOX PHASE AXGLE

[Elastlc ax- 3Tpercentchorrksemlchcwdb, 5.511In.; MM U@ q IF; minced tiUWICY k. 0.201

>“. .. ..-

. .
0:$

.Is3.—-— —

.24s

:%
.Z40
.m
.aa

:37
.W
.357

m.~

SMl
I $ I ===-.-..-—

.mo SW ..–.—

.Oe& 12$ 3i. 90

.0e49 163 10.62

.0P76 —n 97

. ma % 460

. IC9 187 -2227

.117 g —*:

.112

.114 107

. Iii
—16.68

1s6 —l& n3
.134 1s7 —EL 14
.149 16s 10.43

..
.-

TABLE X.—EXPERIMENTAL VALUES OF MAGNITUDES,
PHASE ANGLES. AND NET WORK PER CYCLE FOR C031-
BINED MOTIOXS; VARIABLE REDUCED FREQUENCY

TABLE X1.—WORK-PER-CYCLE COEFFICIEXT—
THEORETICAL VALUES

[Ebtic ask 37percmt .&u@ wnkhord b, S.S0 h; trnuslatkmen@Rude he 1S In.; pitch

[Elest!e*xI%37ferc?ntchartisemichord b 5.SSIn.; tradotion amplitude hq 1A7k; pkch
wnpl tudeah +s.W; Initial W&m,@; moth pkmse@e e, ~.lq

CoeffidentIXnet work 47THat—

Eteccd &:L
,Wfs

Lut Mement

t-o.lo k-OSJk-o boa j k-o.40 k-o.bo

0
L~
%T200
a 1416
x7m6
L6iW

-! m
–z 7Z16
-a. 1416
–% m
-L 57M

o

a n14
LSiSi
ZMOO
&m
s. 1944
2.3069
LWR2

–.S5B1
-LW4
-L 9US1
-L 0749
–:~

!lOlm
?LlHS
3.8S%

:%#

L64$4

-: $%
–. 4ii
-. OsBs

i%%

a 743a
X76Q2
43E40

&%
2.a614
Li064
.6004
.Oew
.0s39
.Wo

k-z

3.483(I
440n
4s5&a
4.m6
AcQi79
&om
L8M0
.W2
:%

L 2247
z 2917
6.4%3

ILm!i
X&

.Io2

.W4

:%
.Ic4
.0?9
.J.04
.Iul
.107
.Ill
J%

.114

.m

.132

.140

.142

. L42

.252

.IIo

.I12

. IL2

.117

.GU7

.097
:%

.Om

.104

.0Q9

zeal
4sui
4.ma
&Q2P

-H%
-L ~-.2UJ

4L%
–d%
-4. s56
-6.4s
-4WQ
–a m
-aim
-% SPo

—lL 274
–9. 017

–~: gJ

-AM
-4K4
–L 002

-i=
-.674

.-

——
————— -—
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TABLE X11.—COMPONENT Ah-ALYSIS—THEORETICAL V“ALti-S FO-R LIFT AN”ti- M(iilEXT IN PURE TR.4NSLAT1US
L . .

—.—Lift kI pure tremslatIon

k Av. tbrecd$. LrJ4qh,
k

—.

o
.0.5
.10
.241
.30
,40
.30
.60
.80

1.00

I
.-

Lr/4qb.- BLT+EUZ?m
I

ELr
..4.

0
;p&..

.U200

.0450

.0s00

.1-2547

.1800

:%%

o
.187

:E

-o.024105°5!mz?.t
.01114–o. l&4141
. 121M-0. Z?J&zi

Thmedhn,
k

1
~[tUdC Phaw (dcd

o 270
.1622
.M46 K;
.3?06 291.6

. .

0
.167
.S23
,007

I
t I .

.. —

.—

I
l—

,. ——
Momont In Pun tmnslatlmi .

BAIr

0
;&#

.0062

.0117

%J

:%

1“
..Av. thrwdlm.

Krf4rqbk.- BAIr+Exi k hIrlJ@h.k

i-
.&L---- 1 [.)-.

0+01 “o O-1-oi
O.wlm mlool

\ ._~

;&7
.005425 ‘:~yg~,
.014W 024924 .e87
.02461 .04w :
.CW4 o.Oooof
.MOM .071764 Three-d rut
.om64 CLmwi k
.10557 lo’mi . Magrdtutle P- (dck

. 1s407 o.129i6i
o 0 m
.167 .6257., 721
.238 .W e4.4
.007 . 11S3S 46.2.+

o
.m
.10
.20
.26

%
.!30

1:%

.— .-

] AVCIWSL31OIMSIItUl,fISLE’d ratio of 6.

TABLE XIIT.-COMPONENT ANALYSIS-THEORETICAL VALUES FOR LIFT AND MOMENT IN PtrRE PIT(’11
. . ...- .. . ... .y: +=-~-.: —.

k I ALP

Liftin pum rdtcb..

DLP

. .. . . .. . . . . . . .

---
.~..,“. Av.thm41m.

,LPj@a.r

.

ELPBLF
.-.. ... . .*. .

:

0 0
-.0254

:: -. 06ul
–, 10X

:2 –. lmi
.40 -.2001
.% -. m
.00 –. w
.80 ~.i

L m

1.

I VJ.,.
. .. .... . ..... .. _.*oi

1“

-CLom+o[ -
:2J$$W;.“;g -.6234-0. 052u

-. m-a IfwJl

-. fiwxa1Z3”
-, 5148-ft 452H

o
.mo6a5
.mu

RJ
.C326

%%
. 12m

5:-. ~!y. 634-l-a22301
--,657-o.22mi I& I TlmwdIm.
-!io4u-rL4Ml-li,, 1- I Mwi’nJtudc IPhw(deK

-... -. , . .. .....,.+
!.. ,. ..!. .. .

—,. — .;. _ :...

Bfoment In pure pitcl
..-.. - .- Y . . . -. ’.:

.6

i 0:
.10
.XJ
.m
.’10
.60

:8
L 00

- --
......... .. ,“.., ---~,
“W[4@a,xAMP BMP DMP EMP

.. -:...

o.ifm~m

% -0.064!?4“.
““:ln;~oai

%.In4-a 14
.1614-o. 1717/
.W-lllfmi
.zI16-O. 2511i
.$4yMo67i

. .. ...

1 Tlucedlm.

-k

-..—
-> .

0 0.1631
, 16i’ . lma 22: a

.Wi4 ml
:%. .,m mas

., ..”.
..-

.. L.-

1 _...+.=....

I h~einge along man, aspect ratio of 6.
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TABLE XIY.-COMPOXEST ANALl%IS—EXPERISIENTAL

Y.ILL.TES; AVERAGE M. L T. RESULTS

I Purepfte~ u.-6.74” [ PrLretl’wlshtllnr,h.=lafrl. 1

OSCmLATh-G .41RFOIL hi TWO-DIMEN-SIONAL mmr 1143

TABLE XVI.—CORRELATION AXALYSIS—STAXFORD
RESULTS ~

r , ,- , h

. ...-_

2.

—.

kl !

I lfodel A (b-id & u--(l.m; s=6.@3w (tubIc I-A-8R)

—

Wdel C (8-5.0 h, s=-0311; n-LO w (table LC-~OR)

, P r &
m!l ! 1.0s !2%?!1s3 ! -Qm–o. m& I 24!?3 t Iti6

Model B (b-7.5 fn., a-–O.W; ri=6.06eps (tabLsI-B4R)

0..

.4

.6

.8
LO

3Mel D (b-5.O h., 8=-0.$0); n=10 cps (table I-D-lOR)
I

I Tfme rwuits have Men corrected for a themetkaf‘WIft’”d efestk ads from31and 40
to 37percentchard.. SW tab. mmrbersgfvendter modeI designations* to tables
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